Abstract. A grid graph is a node-induced finite subgraph of the infinite grid. It is rectangular if its set of nodes is the product of two intervals. Given a rectangular grid graph and two of its nodes, we give necessary and sufficient conditions for the graph to have a Hamilton path between these two nodes. In contrast, the Hamilton path (and circuit) problem for general grid graphs is shown to be NP-complete.
2. NP-completeness. Before showing that finding Hamilton paths and circuits in grid graphs is NP-complete, we first show several lemmas" LEMMA 2.1. The Hamilton circuit problem for planar bipartite graphs with maximum degree 3 is NP-complete. Proof. The Hamilton circuit problem is NP-complete for planar digraphs such that for all vertices v" indegree (v) + outdegree (v) 3 (see [GJ] , [P] ).
To prove the lemma, we conduct for all vertices v the appropriate transformation as illustrated in Fig. 2 .1. The resulting graph is planar (the digraph was), bipartite and has maximum degree less than or equal to 3. 1-1 FIG. 2.1 Let B (VU V 1, E) be a bipartite graph, G1 a rectangular grid graph and let emb be a one-to-one function from VLI V to the vertices of G1 and from E to paths in G1. We say that emb is a parity-preserving embedding of B into G1 if:
1. The vertices V are mapped to even vertices of G1. (If v Proof. It is a quite well-known and straightforward result (see, for example, [S] , [V] ) that all cubic planar graphs with n nodes can be embedded in R (n, n). Our extra requirement, preserving parity, can be accommodated by multiplying the scale by 3 and moving the vertices "locally" as in Fig. 2 To show NP-completeness of the Hamilton circuit problem for grid graphs, we shall transform an arbitrary planar, bipartite, cubic graph B into a grid graph. Each vertex of B will correspond to a 9-cluster, the nine vertices of a square of size 2 (Fig. 2.4) . LEMMA 2.3. Let C9 be a 9-cluster, as in Fig. 2 .4. Then for all 1 <-_i !" <--4, there exists a Hamilton path from pi to p which contains all four edges (e , e2, e3, e4}.
Proof. By inspection.
A strip is a rectangular graph with minimum dimension 2 (Fig. 2.5a ). The strip with corners a, b, c, d (a is adjacent to b and c is adjacent to d) is denoted S (a, b; c, d) .
A tentacle T is a grid graph which is a union of a series of strips, This concludes the description of G9. An example is shown in Fig. 2 .8. A rectangular subgrid graph is a subgraph (not necessarily induced) of G that has V(R (m, n)) as its vertices for some m, n > 0.
COROLLARY 2. The Hamilton circuit and path problems for rectangular subgrid graphs are NP-complete.
Sketch of proof. The grid graph constructed in the proof of the theorem may be considered as a rectangular one minus certain "holes". We can now "fill" these holes with long paths so as to transform the graph into a rectangular subgrid one. 71
The Euclidean version of the traveling salesman problem was proved NP-complete in [Pa] . It is interesting, however, to notice that the Hamilton circuit problem for grid graphs is a special case of the Euclidean traveling salesman problem, with cities the nodes of the grid graph and with length of the tour equal to the number of nodes. We therefore have: COROLLARY 3. The Euclidean traveling salesman problem is NP-complete.
We notice that this proof is much simpler than that in [Pa] . It also avoids an annoying complication having to do with the precision in which the distances are calculated (see [Pa] (F1) G is a 1-rectangle, and either s or is not a corner (Fig. 3.1a) . Also, no s, Hamilton path exists if {s, t} is a separating pair, i.e., G-{s, t} is not (F2) G is a 2-rectangle, and st is a nonboundary edge (i.e., st is an edge, and it is not on the outermost face, see Fig. 3.1b) .
Consider Fig. 3.1c or 3 .1d. The vertices s and are color compatible, the connectivity is greater than two, but still there is no s, Hamilton path. These cases can be generalized to yield the following condition:
(F3) (G, s, t) is isomorphic to (G', s', t') which satisfies: 1. G'= R (m, n) with n 3 and m even. 2. s' is colored differently from t' and the left corners of G'.
3. Sx' < t' 1 (Fig. 3. lc) or s 2 and s < tx (Fig. 3. ld LMMA 3.2.4. Let (R (m, n ), s, t) be an acceptable prime Hamilton path problem, then (n, rn) (4, 5) or n, m <-3. Proof. Assume first that (n, m) {(4, 4), (4, 5)}. 
